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I. INTRODUCTION

Since the introduction of bosonic replicas in the study of
disordered systems and random matrices several decades ago
�1�, most analytic investigations followed a path with three
basic steps.

�1� After defining a replica partition function, it is easy to
average it over the ensemble of random matrices to obtain a
replica partition function where the interaction of the replica
fields depends on the probability distribution of the en-
semble.

�2� A set of auxiliary fields are introduced by Hubbard-
Stratonovich identities to decouple the interacting pairs,
transforming the replica partition function in a form suitable
to the thermodynamic limit. In recent years a Gaussian func-
tional identity conveniently replaced the set of auxiliary
fields.

�3� The saddle-point method leads to a nonlinear integral
equation of very different complexity: it is trivially solved in
the case of Wigner matrices whereas it is extremely difficult
in the case of the Laplacian of a random graph.

This paper follows the well established steps, respectively
in Secs. II–IV with greater generality. Instead of choosing a
definite probability distribution, we consider the off-diagonal
matrix elements to be independent identically distributed
�i.i.d.� random variables, where their probability distribution
is coded by the cumulants. The diagonal matrix elements will
be i.i.d. random variables statistically independent from the
off-diagonal matrix elements or, as in the case of the Laplac-
ian matrix, statistically dependent on them. In either case
�statistically dependent or not� different specifications of the
cumulants correspond to a full matrix or a sparse one. This
general approach does not lead to complications and all the
three above-mentioned steps are performed.

In Sec. III we discuss some puzzling features of the useful
functional representation that decouples pairs of replica
fields and its equivalence with the older method of auxiliary
variables. The reader who is satisfied with formal inversion
of operators without closer inspection, may safely skip read-
ing this section.

Section IV contains the saddle-point method, the nonlin-
ear integral equation and the main result of the paper: the

limiting resolvent of the Laplacian of a random matrix with
i.i.d. entries, rescaled in the manner of Wigner, may be com-
puted by a naive use of Pastur law of addition of random
matrices, despite the statistically dependence of the diagonal
entries. Our result generalizes a previous one �2�, obtained
by diagrammatic methods and the assumption that the off-
diagonal matrix entries are i.i.d. central Gaussian variables.
We think that the general and straightforward approach of
this paper has some merits: indeed, as a by-product, we ob-
tain, at the beginning of Sec. IV the well-known Pastur law
of addition of random matrices, in the replica formalism.

Section IV ends with the nonlinear integral equation per-
tinent to the random graph. We included it to emphasize the
generality of the replica formalism and the difference be-
tween Wigner-rescaled matrix ensembles �and their Lapla-
cians� which leads to analytic solutions whereas ensembles
where the matrix entries are of order 1 /N are much more
difficult. It seems likely that everything in the paper may
equally be expressed in terms of the supersymmetric method.

II. EXACT REPRESENTATIONS

A. Notation

Let H be a N�N real symmetric matrix. Let us suppose
the diagonal entries Hrr are N i.i.d. random variables and the
probability density of any of them is Pd�Hrr�. Let us suppose
the off-diagonal entries Hr,s, where r�s, are �N2−N� /2 i.i.d.
random variables and the probability density of any of them
is Poff�Hr,s�. Let us write the expectations

�dm� =� �Hrr�mPd�Hrr�dHrr, �vm� =� �Hrs�mPoff�Hrs�dHrs.

Let G�z� be the matrix resolvent

Gij�z� = ��zIN − H�−1�ij, Im z � 0. �2.1�

Perturbation expansion in powers of H shows that the expec-
tations of all diagonal elements �Gii�z�� are equal and of the
off-diagonal elements �Gij�z�� are also equal:

�Gij�z�� = �g�z� if i = j,
1

N
�trG�z�� = g�z� ,

g1�z� if i � j .
	 �2.2�

The representation of the inverse matrix and usual definitions
for the partition function Z�z� and the averaged spectral den-
sity ���� are
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Gij =

�− i��
−�

� 
�
i=1

N

d�i�e�i/2�i,j�i�z − H�ij�j�i� j

�
−�

� 
�
i=1

N

d�i�e�i/2�i,j�i�z − H�ij�j

,

Z�z� � �
−�

� 
�
i=1

N

d�i�e�i/2�i,j�i�z − H�ij�j =
�2i	�N/2

�det�zIN − H�
,

g�z� = −
2

N

�

�z
�ln Z�z��, ���� = −

1

	
Im g��� . �2.3�

To get rid of the denominator of the resolvent, let us intro-
duce n copies �i

�
�, 
=1,2 , . . . ,n

Zn�z� = Zn�z� = �
−�

� 
�

=1

n

�
i=1

N

d�i
�
��e�i/2�i,j,
�i

�
��z − H�ij�j
�
�

,

g�z� = −
2

N

�

�z
lim
n→0
�Zn�z� − 1

n
� . �2.4�

B. Exact representations

The above introduction of bosonic replicas allows an easy
averaging over the matrix ensemble and leads us to an exact
representation for any N for the averaged �Zn�z�� and resol-
vent, see Eq. �2.7� below, in terms of cumulants of the prob-
ability distribution of the matrix entries. Let us assume we
may first average on the entries Hij, then integrate over �r

�
�,
and finally take the limit n→0. Let us split the diagonal from
the off-diagonal entries

�e�i/2�i,j,
�i
�
��z − H�ij�j

�
�
� = e�i/2�zi,
��i

�
��2�
i=1

N

�e−�i/2�Hii
��i
�
��2

�

��
r�s

�e−iHrs
�r
�
��s

�
�
� . �2.5�

This has a compact representation in terms of cumulants
of the moments of the matrix entries. Let x be a random
variable, we may define the cumulants cj by equating the
powers of 
 of the exponential generating functions

ln�e
x� = ln�
k=0

�

k

k!
�xk�� = 

j=1

1

j!

 jcj ,

that is

c1 = �x�, c2 = �x2� − �x�2, c3 = �x3� − 3�x2��x� + 2�x�3,

c4 = �x4� − 4�x3��x� − 3�x2�2 + 12�x2��x�2 − 6�x�4, . . . .

�2.6�

To simplify the notation, we call ck,d, ck,v the k cumulants
of the diagonal and off-diagonal entries of the random matrix
H. One obtains the exact representation1

�Zn�z�� =� �
i,


d�i
�
�e�i/2�zr=1

N 
=1
n �r

�
��r
�
�

eF,

F = 
j=1

1

j!�cj,d
r=1

N 
−
i

2



��r
�
��2� j

+ cj,v 
1�r�s�N


− i



�r
�
��s

�
�� j� . �2.7�

C. The random Laplacian matrix

An analogous integral representation holds for a random
Laplacian matrix. Let us suppose that the real symmetric
random matrix Hij is a Laplacian matrix: we assume that the

diagonal elements are Hii =
def

− j�iHij. Again we assume that
the N�N−1� /2 random variables Hij with i� j are i.i.d.

Since


i,j

�iHij� j = − 
i

��i�2

j�i

Hij + 
j�i

Hij� + 2
i�j

�i� jHij

= − 
i�j

Hij��i − � j�2 �2.8�

the partition function, the averaged resolvent, and their rep-
licated versions are

Z�z� � �
−�

� 
�
i=1

N

d�i�e�i/2�zi��i�
2
e�i/2�i�jHij��i − �j�

2
,

g�z� = −
2

N

�

�z
�ln Z�z�� ,

Zn�z� = Zn�z�

= �
−�

� 
�

=1

n

�
i=1

N

d�i
�
��e�i/2�zi,
��i


�2
e�i/2�i�jHij



��i


 − �j

�2

,

g�z� = −
2

N

�

�z
lim
n→0
�Zn�z� − 1

n
� . �2.9�

1It is easy to check that this integral representation is
an absolute convergent integral for every integer n. Indeed

�exp�� j=1
1
j!cj,d�r=1

N �− i
2�
�r

�
��r
�
�� j��=r=1

N ��e−�i/2�Hrr�
��r
�
��2

���1
and similar relation holds for the factor containing Hr,s.
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Again one may perform the average over the matrix en-
semble to obtain an exact expression in terms of the cumu-
lants cj of the moments of the off-diagonal entries

�Zn�z�� =� �
i,


d�i
�
�e�i/2�zi=1

N 
=1
n �i

�
��i
�
�

eF,

F = 
1�r�s�N


j=1

1

j!
cj� i

2



��r

 − �s


�2� j

. �2.10�

D. Special cases

It may be useful to recover from the general representa-
tions in Eqs. �2.7� and �2.10� some cases corresponding to
special probability distribution for random matrices, which
have been studied by use of bosonic replicas.

1. The Gaussian ensemble

In the Gaussian orthogonal ensemble �GOE� the joint
probability density of the real symmetric random matrix is
P�H�

P�H� = const � e−�1/2�2�tr H2
.

Then all cumulants are zero except the second one, c2,d=�2

and c2,v=�2 /2. The exponent F in Eq. �2.7� is

F = −
�2

8 
r,s

�



�r
�
��s

�
��2
= −

�2

8 

,�

�
r

�r
�
��r

����2
.

�2.11�

The F exponent of the replicated partition function of the
Laplacian matrix with Gaussian entries �2.10� is

F = −
�2

16 
1�r�s�N

�



��r
�
� − �s

�
��2�2
. �2.12�

2. The sparse random matrix

In the case of the sparse random matrix considered by
Rodgers and Bray �3�, the independent entries Jij, i� j, have
a even probability distribution so that �v2k+1�=0, �v2k�
= p /N for k�1. The same even probability distribution and
its asymmetric generalization have been studied in Ref. �4�.

The equation to evaluate the cumulants is

ln��e−i
x�� = ln�1 +
p

N
�− 1 + cos 
�� = 

j=1

cj

j!
�− i
� j .

Then the exponent F in Eq. �2.7� is

F = 
r

ln�1 +
p

N
− 1 + cos
1

2



��r
�
��2��

+ 
1�r�s�N

ln�1 +
p

N
− 1 + cos 



�r
�
��s

�
��� .

�2.13�

If only the limit N→� is investigated, the first term in the
above equation may be dropped and the second one may be
approximated

F � �1/2�
r,s

ln�1 +
p

N

− 1 + cos 


=1

n

�r
�
��s

�
���
�

p

2N

r,s

− 1 + cos 


=1

n

�r
�
��s

�
�� . �2.14�

3. The random graph

The case of the random graph was often analyzed as a
Bernoulli probability distribution of the off-diagonal entries
of the random matrix Hij, i� j, where Hij is −1/q with prob-
ability q /N and 0 with probability 1−q /N, while the diago-
nal entries vanish Hjj =0.

Then �vk�= q
N �−1/q�k for k�1 and the equation to evalu-

ate the cumulants cj is

ln�e
x� = ln�1 +
q

N
�e−
/q − 1�� = 

j=1

cj

j!

 j . �2.15�

Then the exponent F in Eq. �2.7� is

F = 
r�s

ln�1 −
q

N
+

q

N
e−�1/q�
=1

n �r

�s


� . �2.16�

The F exponent of the replicated partition function of the
Laplacian matrix �2.10� is

F = 
1�r�s�N

ln�1 −
q

N
+

q

N
e−�i/2q�
��r

�
� − �s
�
��2� .

�2.17�

The spectral density corresponding to Eq. �2.17� is studied
in Refs. �5–7�.

4. The diagonal random matrix

For future reference we also recover the partition function
and resolvent for the simple case of the diagonal random
matrix. Of course in this trivial case, replicas are totally un-
necessary.

From Eqs. �2.6� and �2.7�

�e
d� = 
k=0

�

k

k!
�dk� = ej=1

� �1/j!�
jcj,d,
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�Zn�z�� =� �
i,


d�i
�
�e�i/2�z 

r=1

N
�� r·�

�
r�
r=1

N

k=0

� 1

k!
�dk�
− i

2
��� r · �� r��k

= �� �

=1

n

d��
�e�i/2�z�� ·��
k=0

�
1

k!
�dk�
− i

2
��� · �� ��k�N

= �
k=0

�
�− 1�k

k!
�dk�
 �

�z
�k� �


=1

n

d��
�e�i/2�z�� ·���N

= �ein	/4�2	�n/2
k=0

�
1

k!
�dk�

n

2

n

2
+ 1�¯ 
n

2
+ k − 1�z−�n/2�−k�N

. �2.18�

Then for n→0

�Zn�z�� � �z−n/2 +
n

2
k=1

�
1

k
�dk�z−k�N

,

g�z� = 
k=0

�
�dk�
zk+1 =� d�

����
z − �

. �2.19�

III. HILBERT-SCHMIDT WITH REPLICAS

The next step in the analysis of the replicated partition
function, �2.7� and �2.10�, is to transform the part of the
integrand of �Zn�z�� that involves sums on pairs of sites into
a form involving only sums over single sites. Having done
that, the partition function may be written as an integral
where the number of sites N appears just as a parameter.

This was done by Rodgers and Bray �3� by introducing a
set of auxiliary variables q
 ,q
� ,q
�� , . . ., with the corre-
sponding Hubbard-Stratonovich identities. The same authors
used a functional representation in the case of a Laplacian
matrix �8�. It seems very convenient to use a functional
Hubbard-Stratonovich transform

e−�1/2�r,sK��r,�s� =� Dge−�1/2��d�ad�bg��a�C��a,�b�g��b�−ij=1
N g��j�

�3.1�

suggested by Fyodorov and Mirlin �9� and discussed in more
detail in the appendix of Ref. �10�.

An analogous functional integral representation is dis-
cussed by Parisi �11� for euclidean random matrices

e−��/2�r,sV�xr−xs� = �const� � d�e�1/2���dxdy��x�V−1�x−y���y�+j��xj�.

�3.2�

As it is indicated by Parisi, Eq. �3.2� follows from the famil-
iar identity

�const� � d�e�1/2���dxdy��x�V−1�x−y���y�+�dxJ�x���x�

= e−��dxdyJ�x�V�x−y�J�y� �3.3�

after the choice of the source J�x�= j=1
N ��x−xj�.

A. The problem

In the Gaussian case, the sum over pairs of sites, occur-
ring in the exponent F, Eqs. �2.7� and �2.10�, is a homoge-
neous polynomial of degree 4. In the case of a general prob-
ability distribution, cumulants of arbitrary high order are not
zero. Yet it will be apparent in the next section that also in
this case the large-N saddle point analysis of the resolvent
leads to the Gaussian case in leading order: cumulants cj,v
with j�3 are associated to nonleading terms, if the random
matrix elements are rescaled in the manner of Wigner.

Then these integral representations are rather puzzling be-
cause they involve the inverse of the integral operator
K��r ,�s� which is a polynomial �in the most important case�
and therefore the eigenspace corresponding to the null eigen-
value has infinite dimension.

Still the method is very useful and leads to correct results.
It was correctly indicated by Fyodorov how to evaluate the
inverse operator in a subspace. This section is a little elabo-
ration on the Fyodorov appendix �10�. Our conclusion is that,
provided a regularization of the problem is allowed, the
functional Hubbard-Stratonovich transform is correct and
identical to the set of usual Hubbard-Stratonovich identities.

B. The symmetric matrix

Let us consider all replicas in a box −L��r
�
��L, r

=1, . . . ,N, 
=1, . . . ,n. Let �� r be the n-component vector
with components �r

�
�, 
=1, . . . ,n.
Consider the integral operator kernel K��� r ,�� s� with finite

rank D �to make the discussion simpler, we shall ignore the
imaginary unit factors in this section�

K��� r,�� s� = 
j=1

D cj

j!




=1

n

�r
�
��s

�
�� j

= 
j=1

D cj

j!
��� r · �� s� j

= 
j=1

D cj

j!



1,. . .,
j

�r
�
1�

¯ �r
�
j��s

�
1�
¯ �s

�
j�,


r,s

K��� r,�� s� = 
j=1

D
cj

j! 

1,. . .,
j



r=1

N

�r
�
1�

¯ �r
�
j��2

. �3.4�

It maps an arbitrary integrable function f��� s� to the function

g��� r��SD which is the linear finite D-dimensional vector
space spanned by the set s of linearly independent vectors
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s = ��r
�
1�,�r

�
1��r
�
2�, . . . ,�r

�
1��r
�
2�, . . . ,�r

�
D�� = �b���� r�� ,

� = 1, . . . ,D ,

�
−L

L

¯ �
−L

L

K��� r,�� s�f��� s�d�� s = g��� r�, d�� s = �



n

d�s
�
�.

�3.5�

The vector bases s is made of D nonorthogonal vectors
b���� r�. The integral operator K��� r ,�� s� has D orthonormal
eigenvectors e�, corresponding to nonzero eigenvalues

�
−L

L

¯ �
−L

L

K��� r,�� s�e���� s�d�� s = ��e���� r� ,

K��� r,�� s� = 
�=1

D

��e���� r�e���� s� ,

C��� r,�� s� =
def


�=1

D
1

��

e���� r�e���� s� ,

�
−L

L

K��� r,�� s�C��� s,�� t�d�� s = 
�=1

D

e���� r�e���� t� = ID��� r,�� t� .

�3.6�

The vector bases �b���� r��, and the orthonormal bases

�e���� r�� are related by a linear invertible matrix A

b� = 
�

A��e�, e� = 
�

�A−1���b�,

A�� = �
−L

L

b���� r�e���� r�d�� r. �3.7�

As indicated by Fyodorov, the functional Hubbard-
Stratonovich transform �3.1� is a compact representation of
the multiple integral2

e−�1/2�r,sK��� r,�
�

s� = �
�=1

D

e−�1/2����r=1

N
e���� r��2

= �
�=1

D �
−�

� dz�

�2	
e−�1/2�z�

2−ir=1
N ���z�e���� r�,

g��� r� = 
�=1

D

���z�e���� r� ,

� d�� ad�� bg��� a�C��� a,�� b�g��� b� = 
�

z�
2 . �3.9�

After a trivial relabeling of the coefficients in the form �3.4�,
one uses the usual set of Hubbard-Stratonovich identities

e−�1/2�r,sK��� r,�
�

s� = e−�1/2��=1
D c����r=1

N
b���� r��2

= �
�=1

D �
−�

� dq�

�2	
e−�1/2�q�

2−ir=1
N �c�q�b���� r�.

�3.10�

Finally, one may notice that the set of integration vari-
ables q� and z� are related by an orthogonal matrix A which
shows the direct equivalence of the two multiple integrals
�3.9� and �3.10�

q� = 
�=1

D

A��z�, A�� =�c���
��

A��,


�=1

D

A��A�� = ���, 
�

q�
2 = 

�

z�
2, �

�=1

D

dq� = �
�=1

D

dz�.

�3.11�

The orthogonality of the matrix A �last line above� follows
from the equation

����� = 
�

c���A��A��, �3.12�

which is obtained from

K��� r,�� s� = 
�

��e���� r�e���� s� = 
�

c���b���� r�b���� s�

�3.13�

after multiplying and integrating �d�� rd�� se���� r�e���� s�. Fi-
nally

g��� r� = 
�=1

D

���z�e���� r� = 
�,�,�

�����A−1���q��

���A−1���b���� r�� = 
�,�,�

���A��q��A−1���b���� r�

= 
�

�c�q�b���� r� . �3.14�

C. The random Laplacian matrix

The replicated partition function for the symmetric ran-
dom Laplacian matrix is Eq. �2.10�. Again ignoring imagi-
nary unit factors, the finite rank kernel of the integral opera-
tor is K��� r ,�� s�

2In the functional integrals, Dg refers to the product, properly
normalized, of the coordinate of the function g��� � with respect to
an orthogonal bases, then Dg=�

��� /2	dz� and Eq. �3.1� should
be written

e−�1/2�r,sK��� r,�
�

s� = �det C� Dge−�1/2��d�� ad�� bg��� a�C��� a,�� b�g��� b�−i j=1
N g��� j�.

�3.8�
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K��� r,�� s� = 
j=1

D
cj

2 j j!
���� r − �� s� · ��� r − �� s�� j . �3.15�

Let us assume the box regularization, as in the discussion of
the symmetric random matrix above. Just as before, the ker-

nel K��� r ,�� s� in Eq. �3.15� is a symmetric bounded integral

operator that maps the integrable function f��� s� to the func-

tion g��� r��SD, spanned by the nonorthogonal bases b���� r�,
see Eq. �3.5�. It is then possible to represent the kernel

K��� r ,�� s� in Eq. �3.15� with its orthonormal bases and obtain
Fyodorov functional Hubbard-Stratonovich representation or

represent it on the nonorthogonal bases b���� r�, perform the
sum over couples of sites and use the Hubbard-Stratonovich
identities.

Let us consider the first term in the sum in Eq. �3.15�. By
the trivial identity

�� r · �� r + �� s · �� s = �1 + �� r · �� r��1 + �� s · �� s�

− ��� r · �� r���� s · �� s� − 1.

The first term is rewritten as sum of factorized and symmetri-
cal terms

c1

2
��� r − �� s� · ��� r − �� s� =

c1

2
��1 + �� r · �� r��1 + �� s · �� s�

− ��� r · �� r���� s · �� s� − 1 − 2��� r · �� s�� .

�3.16�

All further terms in the sum are integer powers of the first
term, then a finite sum of factorized and symmetrical terms is
obtained.

In particular, in the Gaussian case, where only the cumu-
lant c2�0, we have


r,s

K��� r,�� s� =
c2

8 
r,s

���� r − �� s� · ��� r − �� s��2 =
c2

8 
r,s

��� r · �� r + �� s · �� s�2 + 4��� r · �� s�2 − 2��� r · �� s���� r · �� r + �� s · �� s�

=
c2

8 ��r

�1 + �� r · �� r�2�2
+ �

r

��� r · �� r�2�2
+ N2 − 2�

r

�1 + �� r · �� r��2
− 2�

r

�� r · �� r�2
− 2�

r

��� r · �� r��1

+ �� r · �� r��2
+ 4


�
�

r

�r
�
��r

����2
− 4



�

r

�r
�
��1 + �� r · �� r��2

+ 4


�

r

�r
�
���� r · �� r��2

+ 4


�

r

�r
�
��2� .

�3.17�

This form is suitable to linearize the squared sums of single
sites by the introduction of nine auxiliary variables through
Hubbard-Stratonovic identities. The method also works for
arbitrary power j�2 of the basic form in Eq. �3.16�, but it is
cumbersome and by far less efficient than the functional in-
tegral representation.

IV. LARGE N

As a preparation for the main result of this paper, about
the limiting resolvent of Wigner-rescaled random Laplacians,
we first consider an ensemble of Wigner-rescaled matrices
which leads to a derivation of Pastur addition law of random
matrices in the replica formalism.

A. Pastur addition law

The first problem here considered is the large N behavior
for the symmetric matrix where the probability distribution
of the off-diagonal entries is central Gaussian with Wigner
scaling, while the probability distribution of the diagonal

entries is arbitrary and not rescaled. Then cj,v=0 iff j�2 and
c2,v→c2 /N.

After separating the sums over single sites from sums
over couples of sites, the replicated partition function �2.7�
becomes

�Zn�z�� =� �
i,


d�i
�
�e�i/2�zr��

�
r·�

�
r�eF1

�e�c2/4N�r��
�

r · �� r�
2
e−�c2/4N�r,s



�r
�
��s

�
��2

,

F1 =
def


j=1

1

j!
cj,d

r=1

N 
−
i

2



��r
�
��2� j

. �4.1�

By using the functional representation �3.8� we have

�Zn�z�� = �det C� Dge−�1/2��g,Cg�+N ln I�g�,

I�g� =
def� d�� e�i/2�z�� ·�� +j=1�1/j!�cj,d�− �i/2��� · �� �j−ig��� �e�c2/4N���� · �� �2

,
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K��� r,�� s� =
def c2

2N
��� r · �� s�2. �4.2�

The large N behavior of the functional integral is dominated
by the saddle point function gSP

�CgSP���� � =
N

I�gSP�� �

�g��� �
I�g��

g=gSP

=
− iN

I�gSP�
e�i/2�z�� ·�� +j=1�1/j!�cj,d�− �i/2��� · �� �j−igSP��� �,

gSP��� � = −
iN

I�gSP� � d��
c2

2N
��� · �� �2

�e�i/2�z�� ·�� +j=1�1/j!�cj,d�− �i/2��� · �� �j−igSP��� �. �4.3�

The above equation shows that gSP��� � is a quadratic function

of �� . We consider the ansatz symmetric in the replica fields

gSP��� � =
1

2
��z,cj,d��� · �� �4.4�

then the function ��z ,cj,d� is solution of the nonlinear equa-
tion

��z,cj,d�
2

= −
c2

n

1

I���
�

�z
I��� ,

where

I��� =� d�� e�i/2��z−���� ·�� +j=1�1/j!�cj,d�− �i/2��� · �� �j
. �4.5�

This leads to the evaluation of the limiting resolvent because

lim
N→�

g�z� = − 2 lim
n→0

1

n

1

I���
�

�z
I��� =

1

c2
��z,cj,d� �4.6�

and, by comparing I��� in Eq. �4.5� with the partition func-
tion �Zn�z�� of an ensemble of diagonal random matrices in
Eqs. �2.18� and �2.19�, we see that3

I��� = ��Zn�z − ����1/N, lim
N→�

g�z� = lim
N→�

Gd�z − c2g�z�� ,

�4.8�

where Gd�z� is the resolvent of an ensemble of diagonal ran-
dom matrices with probability distribution coded by the cu-
mulants cj,d.

The functional equation for the limiting resolvents �4.8� is
the law of addition of random matrices proved by Pastur �12�

g�z� =� d�
�d���

z − c2g�z� − �
, �d��� =

def

−
1

	
Im Gd��� .

�4.9�

We remark that the result �4.9� holds unchanged if one
considers the general case of non-Gaussian probability dis-
tribution for the off-diagonal matrix entries, provided Wigner
scaling is still considered and the first cumulant vanishes,
c1,v=0, �13,14�. Then cj,v→cj,v /Nj/2 for j�2. Indeed, for a
general probability distribution, the previous analysis is
modified by the replacement


r,s

K��� r,�� s� = 
r,s

c2

2N
��� r,�� s�2 → − 

j=2

�
cj,v

j!Nj/2
r,s

�− i�� r · �� s� j .

�4.10�

The series of new terms, inserted in Eq. �4.3� only add con-
tributions to the limiting resolvent, which are nonleading or-
der in the large-N limit.

B. The Wigner-rescaled random Laplacian matrices

The large-N spectral distribution of a real symmetric La-
placian random matrix, where the matrix entries are Wigner
rescaled, may be determined by the same saddle point
method described above.

Let us first consider the simple case of Gaussian probabil-
ity distribution. Then Eq. �2.10� becomes

�Zn�z�� =� �
i,


d�i
�
�e�i/2�zr��

�
r·�

�
r�−�c2/16N�r,s���

�
r − �� s� · ��� r − �� s��

2
.

�4.11�

Instead of Eq. �4.2�, we now have

�Zn�z�� = �det C� Dge−�1/2��g,Cg�+N ln I�g�,

I�g� =
def� d�� e�i/2�z�� ·�� −ig��� �,

K��� r,�� s� =
def c2

8N
���� r − �� s� · ��� r − �� s��2. �4.12�

The large N behavior of the functional integral is dominated
by the saddle point function gSP

�CgSP���� � =
N

I�gSP�� �

�g��� �
I�g��

g=gSP

=
− iN

I�gSP�
e�i/2�z�� ·�� −igSP��� �,

gSP��� � = −
iN

I�gSP� � d��
c2

8N

����� − �� � · ��� − �� ��2e�i/2�z�� ·�� −igSP��� �. �4.13�

The above equation shows that gSP��� � is a quartic function of

�� . We consider the ansatz, symmetric in the replica fields

3If all diagonal cumulants vanish, cj,d=0, the Gaussian integrals at
the right side of Eq. �4.5� are easily evaluated and one obtains the
quadratic equation �2�z�−z��z�+c2=0. Together with Eq. �4.6�,
one then recovers the semicircle law

lim
N→�

g�z� =
1

c2
��z,cj,d� =

1

2c2
�z − �z2 − 4c2� . �4.7�
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gSP��� � = 
�z� +
1

2
��z��� · �� + ��z���� · �� �2

then ��z�=−ic2 /8 and the function ��z� is the solution of the
nonlinear equation

��z�
2

= −
c2

n

1 +

n

2
� 1

I���
�

�z
I��� ,

where

I��� =� d�� e�i/2��z−���� ·�� −�c2/8���� · �� �2
. �4.14�

This leads to the evaluation of the limiting resolvent because
Eq. �4.6� still holds and

lim
N→�

g�z� = lim
N→�

Gd,g„z − c2g�z�… , �4.15�

where Gd,g�z� is the resolvent of an ensemble of diagonal
random matrices where the entries are i.i.d. centered Gauss-
ian variables with variance c2. The result �4.15� was derived
in Ref. �2� by diagrammatic technique and Wick’s theorem,
to account for the Gaussian matrix entries with a constraint
on each row of the matrix.

The present derivation shows that the result �4.15� for the
limiting resolvent holds also in the general case where the
off-diagonal entries of the real symmetric random Laplacian
matrix are i.i.d. random variables with arbitrary probability
distribution, coded by the cumulants cj,v, provided they are
Wigner rescaled and that the first cumulant vanishes, c1,v
=0.

Indeed, for a general probability distribution, the previous
analysis is modified by the replacement


r,s

K��� r,�� s� = 
r,s

c2

8N
���� r − �� s� · ��� r − �� s��2

→ − 
j=2

�
cj,v

j!Nj/2
r,s
� i

2
��� r − �� s� · ��� r − �� s�� j

.

�4.16�

The series of new terms, inserted in Eq. �4.13� only add
contributions to the limiting resolvent, which are nonleading
order in the large-N limit.

Finally, we remark that our result �4.8� refers to an en-
semble where the diagonal elements are statistically indepen-
dent from the off-diagonal entries. Then we merely derived,
by a different technique a specific case of Pastur’s law of
addition of random matrices. The similar result about La-
placian matrices �4.15� is different because, at any finite N,
the diagonal matrices are not statistically independent from
the off-diagonal entries and Pastur theorem does not apply.
Only at N=�, because of the central limit theorem, do the
diagonal entries become centered Gaussian random vari-
ables. Our saddle point analysis indicates that the rate of
convergence for the diagonal entries to become statistically
independent from the entries on the same row is fast enough
to justify a naive use of Pastur’s law also in this case.

Let L be a real symmetric Laplacian random matrix where
the off-diagonal matrix entries are i.i.d. random variables.
The graphic-combinatorial method described in Ref. �15�
may be used to evaluate �TrLk�, for any N and generic prob-
ability distribution. We evaluated the Taylor expansion of the
resolvent g�z� in 1 /z up to order �1/z�8. Next it is trivial to
rescale the results according to Wigner rescaling of the ma-
trix entries, evaluate the large-N limit and find results in
agreement with Eq. �4.15�. This adds independent support to
the saddle point analysis of this paper.

C. The random graph

In models of sparse matrices or in the random graph
model, the probability distribution for the entries of the ran-
dom matrix P�Hij� is such that the cumulants cj are of order
1 /N, in the large-N limit, for every j. The general saddle
point method of this section is still valid, but the nonlinear

integral equation obtained for gSP��� � is more difficult.
In leading order the diagonal cumulants cj,d may be ne-

glected and instead of Eq. �4.3� we have

gSP��� � = −
iN

I�gSP� � d�� e�i/2�z�� ·�� −igSP��� �
j=1

�
cj,v

j!
�− i�� · �� � j ,

I�gSP� =� d�� e�i/2�z�� ·�� −igSP��� � �4.17�

If one looks for solutions with spherical symmetry in the

replica space, that is gSP��� �=gSP���� ��, the angular integra-
tions are easily done and only the terms in the series �4.17�
which are proportional to cj,v with j even integer contribute.
We find

gSP���� �� =

�
0

�

�n−1ei/2z�2−igSP���F����� ��d�

�
0

�

�n−1e�i/2�z�2−igSP���d�

,

F����� �� = 
k=1

�
c2k

�2k�!
�− 1�k�2k��� �2ka2k,

a2k =
1�3� ¯ �2k − 3��2k − 1�

n�n + 2� ¯ �n + 2k − 4��n + 2k − 2�
. �4.18�

For n�0, �0
��n−1e�i/2�z�2−igSP���� 1

n , a2k�� 1
n

� 3�5�¯�2k−3��2k−1�

2�4�¯�2k−4��2k−2�

and we obtain a simpler nonlinear equation4

gSP���� �� = �
0

�

e�i/2�z�2−igSP���f����� ��d� ,

4As a simple check of our evaluation �4.19�, one may insert c2k

= p /N+O�1/N2� and obtain f����� ��=−�p /N���� �J1����� �� which pro-
duces the nonlinear equation first derived by Rodgers and Bray �3�.
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f����� �� = 
k=1

�
c2k

�k − 1�!k!22k−1 �− 1�k�2k−1��� �2k. �4.19�

A variety of approximate solutions may be found in Refs.
�3,4�. An analogous nonlinear integral equation is obtained
for the random Laplacian. Its approximate solutions may be
found in Refs. �8,6,7,5�. A numerical solution is studied in
Ref. �16�. Moments of the spectral density of random graphs
and Laplacian matrices are studied in Ref. �17�. Correlation
functions of random matrix theory with the replica method
are studied in Ref. �18�.

V. CONCLUSION

The limiting spectral distribution for ensembles of real
symmetric random Laplacian matrices with independent
identically distributed Wigner-rescaled matrix entries has
been derived in this paper. This is a generalization of previ-

ous results obtained with different techniques in the case of
Gaussian matrix entries.

The replica method, combined with a Hubbard-
Stratonovich functional identity �reviewed and explained in
Sec. III� turns out to be a very powerful and general method
in the study of random matrices. In the derivation of our
main result, the Pastur law of addition of random matrices is
recovered by the replica method.

Our derivation, up to the large-N saddle point analysis,
applies to Wigner rescaled matrix ensembles as well as to
ensembles of sparse matrices, where usually �vk��O�1/N�.
The relevance of the different scalings emerges at that point:
in the case of ensembles of sparse matrices, the nonlinear
integral equation is very difficult to solve analytically.
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